ON THE INVARIANT SYSTEM OF A PAIR OF CONNEXES*

0. E. GLENN

The theoretical part of this paper treats of a transvectant operation between
two general connexes

¢ = Aalza2z t0r Qrg Olpy Olgy *** Olgy,

‘l/ = Bblzbz:c bpzﬂluﬂ2u Bau}

wherein the variables are ternary and (u) contragredient to (x). This
operation, defined by polarization, gives all invariant formations of the simul-
taneous system of two connexes. Our transvectant, of four indices,
T = (¢, ¥)ii,

can be interpreted in terms of convolution operations employed by Gordan
in his memoirs on the systems of the ternary cubic and quartic forms,t and
in Maisano’s paper} on the concomitants of the first five degrees of the ternary
quartic. For doubly homogeneous quantics which are in normal form§
(§ 1, (4)) the Formenreihe employed by E. Noether|| includes an ordered suc-
cession of terms of transvectants 7. As compared with the methods of the
latter author, who dealt with normal ground-forms and therefore with a
canonical form of the problem, our algorithm is non-canonical, and therefore
symmetrical. The present method bears a closer resemblance to that of
Clebsch and Gordan than to subsequently developed methods.

However, as preliminary to the application of the four types of convolution
which were employed by all of the before-mentioned authors, we apply to
one of the forms ¢, ¥ to be combined, a single analytic operation of polariza-
tion, involving -fold operative factors corresponding to the first type of

* Presented to the Society, February 27, 1915.

1t Gordan, Mathematische Annalen, vol. 1 (1869), p. 90, and vol. 17 (1880),

. 217.
P t Maisano, Giornali di Battaglini, vol 19.

§ Gordan, Mathematische Annalen, vol. 5 (1873), p. 104, and Programmschrift
(Leipsic, 1875).

|| E. Noether, Ueber die Bildung des Formensystems der terndren biquadratischen Form,
Journal fir Mathematik, vol. 134 (1908).

[ Ueber biternire Formen mit contragredienten Variabeln, Mathematische An-

nalen, vol. 1 (1869), p. 359.
Trans. Am. Math. Soc. 27 405
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convolution, j-fold operators corresponding to the second type, and k- and
I-fold operators corresponding respectively to the third and fourth types
of convolution. The substitutions (1) made in this polar give 7. This secures
an ordering of the convolutions corresponding to a given set of indices 1, j,
k,1, so that theorems analogous to those on the difference between two terms
of a binary transvectant are readily stated and proved for 7. The preliminary
operation of polarization was not employed by Clebsch and Gordan, although
they, and likewise E. Noether (loc. cit.), employed the four types of convolution
(under different schemes of ordering) to generate the complete systems which
they treated.*

Where it is possible to proceed by applying convolutions between two sys-
tems which are finite and complete, absolutely or with respect to a set of
symbolical moduli, 7 yields all invariant formations (§ 1). Thus if we are
given the finite complete system of each connex ¢, ¥, then the system derived
by transvection between these two systems is itself finite and complete.

In the second part of the paper we employ 7 in deriving a complete system of
simultaneous concomitants of a quadric p2 and a bilinear connex a, a, (§ 2).
The problem of making reductions within the finite system generated by trans-
vection in this case is treated from the two standpoints of reduction by iden-
tities, and by the syzygies connecting the ground forms. It is the author’s
thought that the present methods present possibilities for extension towards
a theory for the general orders when an adequate asyzygetic theory of ternary
forms is available.

We give below a list of memoirs on the various known methods of con-
structing ternary systems.f

1. TRANSVECTANT SYSTEMS

Let ¢, ¢ be the two general connexes given above. We define the trans-
vectant 7, of four indices, as follows: Polarize ¢ by the following operator,

a\“ d \* d \° ad \¢ d \* ad \'»
() il (1) (0)} (2) (2) (2)
Z(yl ax) (?/2 ax) (yv ax) (yl ax) (yz am) (yp ax)
a o1 a o2 a trp a vi a ve a Vo
) _—_ (1) _—__ . (D (2) (2) e (2 —_
X(”* au) ( au) (a) ( au) (”2 au) ( au) ’

d d
o = 0L 4 o 9. by
(y, ax) ?’“ax Yaigz, T Ysi gy

* The introduction of normal ground-forms enabled E. Noether to reduce the number of
processes of convolution to two essential types.

tBaker, Cambridge Philosophical Transactions, vol. 15 (1889).
Forsyth, American Journal of Mathematics, vol. 12 (1890). White,
American Journal of Mathematics, vol. 14 (1892). Mertens, Wiener
Berichte, vol. 95.
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etc., and ¢, t;, 0;, »; = O or 1, and
Xe=1, u=j, o=k 2r=l,
t+ji=r, k+l=s, 1+l=0, j+Ek=op.
Substitute in the resulting polar (¢)

(a) ¥’ =8 (p=1,+,0),
o (b) ¥ = (bpu) (p=1,,0),
(¢) v = by (p=1,:,0),
(d) = (Bp2) (p=1,-,0),

and multiply each term of the result by the b., B. factors whose symbols are
not then involved in it. The resulting concomitant we call the transvectant
of ¢ and ¥ of index (%) and abbreviate it as

= (¢, ¥}

We abbreviate the above polar as

(¢) = ZA,,(I) Ay(2) A, Ay® ¢.

Let t,, ¢, be any two terms of the double mixed polar (¢). These can

written, respectively,
th=vU, ts = 72 Us,

where v; (¢ = 1, 2) are the products of the a., a, factors of ¢; (¢ =1, 2)
and U; (1 = 1, 2) are the products of the a., a, factors of ¢; (¢ =1, 2),
respectively. Leaving out of account the constant factor 4, (¢) is an ex-
pression of the type

()=2m+rt+ )i+t )=+ttt

wherein
AwA®

1y *

Ay A2 @
c sz

, XU=

Ksu Aiz *°

2y =

The first theorem to be proved depends upon the difference ¢, — #; of two
terms of (¢). We have

th—to =71 (U — Uz) + Us(71 — 72),

and in this each parenthesis is the difference between two terms of a simple
mixed polar. Now two terms of a simple polar are said to be adjacent when
they differ only in that a pair of factors aa, a;- in one is replaced in the other by
@z G;y. By a known theorem we can add and subtract terms within each
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parenthesis so that we will have
n—r=M-721+H-=2"14+ - + 19 = 1],

2
() U= U =[U—E]+ [ -]+ - + [P = U],

where each bracket is a difference between two adjacent terms of a simple
mixed polar.

Definition. The sum of the order of a form in the variables (z) plus its
order in the variables (u) is called its grade.

Definition. The process by which we obtain from ¢ = a1+ @7z 014 * * + Qsu
any one of the three covariant types

€1 = (010203) 04z *** Qrz 1y *** Osu,
2= (@102 03) 01z " Bry Olgy * * * Olgu,
C3 = Qiqy A2z * ** Arz Olay * ** Oy,

is called convolution.
THEOREM 1. The difference between any two terms t,, t. of a transvectant

T= (¢, 'p)l.c:ﬁy

equals a sum of terms each of which is a term of a transvectant 7 of two forms ¢,
¥, at least one of which is of lower grade than the corresponding one in 7. More-
over, ¢, ¥ are obtained from ¢ ,  respectively by convolution.

To prove this theorem observe that the differences involved in (2) are
essentially of ten types, and except for factors which may be left out of account
in pursuing the argument these are

(A ) alw;,l) [L772 - aky;,l) Qhz (D) ahug,z) akyslz) - ak,,;z) a;.,‘,(qz),
(B) ahvg) aku(ql) - akvg) a’hvsll) ’ ( E) ahu;,z) gz — akyﬁ,z) Ghpz,

D 43y ® — @y a2
(C)  and ary® — aryd AP,

(A) ahv;,l) gy — akv;,l) Olhy (a) ahvf) akvg) - akv;z) ahv(qz) ’
(B)  an ood — oD atnoll), (E)  omdoxu — co® athu-

(P ) ahvg) alw(qz) - akvg) ahvgz),

Substitution from (1) in these differences gives all types of expressions which
occur in the difference between two terms of the transvectant . The results
of the substitutions are given below, (A4) going into (A4:), (B) into (B,),
etc.

(A1)  anp, Gk — Grp, anz = (arar(Bp)),
(B1)  ang, arp, — Grg, ang, = (an ax (B B,)),
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(C1) ang,(arbgu) — arg,(anbgu) = (anarbg)Bou — (an ar u)bys,,
(D1) (anbpu)(arbgu) — (axbyu)(anbyu) = (anaru) (bpbou),
(El) (ah bPu)a’kz - (ak bpu)ahz = (ah aku)bpx - (ahak bp)uz-

The five expressions (A;), (B1), (I'1), (A;), (E;) are obtainable from the
respective expressions (4:), (By), (C1), (D1), (E:) by the substitutions

3 (a;. a B» Be bp b, u)

ar o b, by Bp By =

The right-hand sides of these expressions represent terms of transvectants as
follows; the particular convolution from ¢ in which the factor as; ai. is re-
placed by (as ax w) being indicated by (as ax u) ¢, and so forth:

(A1) ((anaru)¢’, ¥)iisd,

(B1) ((anarw)¢’, (BoBez) ¥ )iztd,

(Cr) ((anaru)¢’, ¥)cvi™, and ((awaru)d’, b’ )i,

(D1) ((anaru)g’, (bpybou)y)ii?,

(E1) ((anaxu)¢’,¥)ii™, and ((arau)¢’, ¥)ediius.
Inasmuch as (A;), -+, (E;) arise from (4,), ---, (E1) by (3), the prin-
ciple of symmetry in the theory now immediately shows that the theorem is

true in all cases, since (ay ax u) ¢’ is of lower grade than ¢ and (an ax z)y’
is of lower grade than .

An immediate corollary is that any monomial concomitant x equals the
transvectant 7 of which it is a term plus terms of transvectants of forms one
at least of which is a convolution from the corresponding one in 7 and hence
of lower grade, times powers of u,.

Evidently a successive application of this corollary gives for x an expansion
in the form

(C)) K= W+ wy Uz + woul+ ---.

Gordan and also Mertens derived a similar result and showed that the w;
were normal forms, i. e. they satisfy the equation

’w % w % w _
0x; 0wy Oxp Oup a3 Ous
THEOREM 2. Let ¢ = AL B, ¥ = C2 DZ, and let T be the transvectant
T =(¢,¥)i}i
Then if 1t be possible to separate ¢, Y into factors,
¢ = ¢1¢2 = A, By, - 47 B3,
Vv =1y = C}, Dy, - C%2 D3,
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and to partition the index numbers,
t=u+t+w, Jj=j+jh, k=k+k, =L+,
in such a way that the transvectants
1= (b1, Y1), 7= (¢, ¥2)%
exist as separate nonsymbolical entities, then T contains reducible terms, namely,

terms of the product 11 7, .
The transvectant 7 is evaluated by polarizing ¢ by means of the operator

a\ ay\ 3 \* a\
oz oL w2 oL
(v05) (05) (05) (=)
and substituting

y® =D, y®=(Cu), @ =C, +@=(Dz).

Thus 7 contains the term

9 i 9 71 9 iz 9 Ja
1) _~_ () r (1) 7 (2) 7 rg
P(!/ﬁ’ax) (?/1 ax) Alz(yz ax) (yz 695) Az

% N kg 123
x(#2) (#2) me(2) (#2) B

[3° = D1, 3P =(Crw), ¥ =D:, 3P = (Cou),
" = C, P = (D 2), WP = (s, P = (Dyzx)].
This term is a constant times
172 = (b1, Y1)il 3 (e, ¥a)iz iz,
Let [¢] represent a system of connexes given explicitly by
¢ = aitall (¢=1,2,-.--),
and let [¢] represent the system
¥i = bl BL (i=1,2,--).

Then a system [7] is said to be the system derived from [¢], [¢] by trans-
vection when it includes all terms of all transvectants,

= (U, V)i,

where U is a product of powers of forms from the system [¢] and V a product
of powers of forms of the system [{].

THEOREM 3. The number of transvectants of the system [ 1] which contain no
reducible terms is finite.*

* Gordan proved the finiteness of simultaneous systems in 1875.
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In proof let
U = ¢l ¢l - ¢l Vo=9ypyi - ¢P.
Then the order of U in the p = p; + - -+ + p, distinct a symbols is
pror+ prws+ ¢+ + Pawa,
and the order of U in the p distinct a symbols is

prur+ popz+ -+ + Dalha-

The total effect of the transvection 7 upon U, V is to produce a sequence of
terms by folding 7 8 symbols and j b symbols into convolution combinations with
a symbols, and by folding kb symbols and I8 symbols into convolution com-
binations with o symbols. In one of these terms #; of 7 let the number of a
symbols not in convolution combination with other symbols be p;. Likewise
let the number of a symbols of ¢ not so combined be p;, the number of b
symbols not combined be p;3, and the number of 8 symbols not combined with
other symbols be ps. Then we have

prwg+ perws+ o +paws=p1+1+7,
prpr+ pepat oo+ Papa =p2+Ek+1,
am+gnt - +em=p+j+k,
amt eyt teprn=pt+it+l

We thus have a system of four linear diophantine equations in the variables
Piy * %5 Pas Qi+ Qb, P1y ***, P4, T, ], k, I, to be satisfied in positive in-
tegers. Each reducible solution of this system corresponds to a transvectant
7 having reducible terms, by the theorem last proved. But the number of
irreducible solutions of such a system is finite by a well-known theorem.
Hence the theorem is proved.

Definition. A system of connexes containing an infinite number of individ-
uals is said to be finite when there exists a finite set of the connexes such that
every connex of the system is a rational integral function of the members of
the set.

Definition. A system is complete when any form obtained from a product
of connexes of the system, by convolution, is expressible rationally and in-
tegrally in terms of connexes of the system.

A proof of a theorem now follows readily from the properties of transvec-
tants established above, giving a method of constructing the finite system of a
pair of connexes.

THEOREM 4. If two infinite systems of connexes [¢], [¥] are each finite and
complete then the system [7] derived therefrom by transvection is finite and com-
plete.

6
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To prove the finiteness we have only to arrange the transvectants of [7] in
an ordered sequence arranged according to ascending degrees, those of the
same degree being ordered according to ascending grade of the product UV,
where the typical transvectant of the sequence is

= (U, V)i.

Since the difference between any two terms of 7 is a sum of terms of trans-
vectants,

where UV is of lower grade than UV, a set of connexes in terms of which all
others of [7] may be rationally expressed may be obtained by selecting terms
of the transvectants in this sequence, and precisely one term from each
transvectant which contains no reducible term. But the number of trans-
vectants in [7] which contain no reducible terms is finite.

To prove completeness let the finite set described above be K, ---, K,
and let P be any monomial form obtained by convolution from

P=KnrKe... Kt
Then P is a term of a transvectant
(U, V)ihus,
and in which U is obtainable by convolution from [¢] forms alone, and V
from [¢] forms alone. Hence
P = (T, Mid + Zud' (T, Vish.
But [¢], [¢] are, by assumption, complete systems, and consequently all
transvectants on the right belong to the system [7]. Hence [7] is complete.
2. FUNDAMENTAL SYSTEM OF A CONIC AND A BILINEAR CONNEX

We let F = p2=¢2=--. be a quadric, L = (pqu)? its contravariant,
D = (pgr)? its discriminant . The connex f = a, a, = b8, = --- has the
fundamental system*

fifi=asBub,, g=0asc.(Byx)bs, h=Puvu(acu)b,,
1= a,, nu=agb,, 1 =uagb,c,.
The simultaneous system of F and f is the transvectant system given by
(Fr L, f'fi g° h*)ict,
together with the invariants ¢, 4;, 7o, D. There are, in addition to the

* Clebsch and Gordan, Mathematische Annalen, vol. 1 (1869), p. 359.
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members of the two individual systems, precisely 92 transvectants of this for-
mula not immediately reducible by theorem (2) of § 1. This is exclusive of
the large number which are reducible by the known syzygy

V' — " uy+ 1 s ¢ ug fa
gh = 2 Uy if —tvu.+f [|;
fa f Uz

=3 (@ —d1), =3B =B+ 20), fo=fi—if + 7 u.

Of the 92, twenty-three are reducible by the identity

a G, Gz
(6) (abu)(wx) = bp bc b. ’
Pu Oy Uz

which is applicable in most cases where [ > 0. The remaining 69 forms are
arranged in the following table according to ascending grade of UV, in
accordance with the theory.

TABLE
Grade 4
(F,f)(l,g=p,,p,a,, (F:f)811>= (paw) oy Pz,
(F)f)(l)tl)= (Pau)Pu (F:fl)(l)g'_'pﬂ bapzaz;
(F’fl)gt; = ba(pa’u)ﬁupz: (F:fl)(l)(l) = pﬂ bu(p%))
(L, e = (pga) (pqu) e, (L, fin = (pqu) (pgax)a.,
(L, fn = (pga) (pgaz), (L, f1)1 = ba(pga) (Pqu)Bu,
(L, f1)e1 = ba(pqu) (pgBzr)az, (L, f1)}} = ba(pga) (pgbz).
Grade §
(F’ h)(l)g =bal’p(¢wu)'¥u17z, (F: h):g'__bapﬂpy(‘wu):
(L, 9)% = b.(pga) (pqu) (Byx)c., (L, g)3 = ba(pga) (pge) (Byz).
Grade 6
(FL, f)i, = pa(gra) (qru) pz, (FL,f1)10 = ba ps (gra) (qru) pe,
(F, )% = Da Pp Gz ba, (F, %) = (pau) (pbu) ay Bu,
(F, )5 = baps psdy az ez, (F, {10 = b.d, (pau) (peu)Budu,
(F,ffl):g = bapB Dy @z Cz, (F’ffl)g: = baipau)(_pcu)ﬂu Yu,
(L, f? gg = (pqa')(qu)auﬂu’ (L:f2)gg = (pgazx) (pgbr)a. b,

(L)% = b.dy (pga) (pgc)Budu, (L, 1) = bod, (pBe) (pgix) ases,
(L, ff1)s = ba(pga) (pge)Bu Yu, (L, ffi)ss = ba(pgBz) (Pgyz)asc..
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Grade 7

(F%, )00 = ba(pau) (peu) (¢Byu) ¢z,

(F, h):g = b, ps Py (qac) gz, .

(L%, 9)3 = ba(pga) (pge) (rsBy) (rsu),
(L%, h)gs = ba(pgBz) (pgyx) (rsacx) (rsu),
(LF, g)5% = b.(gre) (grBy) (paw) p.,

(FL, k)3 = b, pg py (qru) (gracz) .

Grade 8

(FL, )13 = pa ps (gra) (qru)b,,
(FL,f?)i = paps(gra) (grd),
(FL,f?);0 = pa(gra) (grd) ps Bu,
(FL, f1)is = baps ps dy, (gra) (qru)es,
(FL,f1)3 = baps ps dy, (gra) (gre),
(FL,f1)3 = baps d, (gra) (gre) 8, pa,
(FL, ff1)is = b.ps P, (qra) (gru)e.,
(FL, ff1)3 = b.ps py(qra) (gre),
(FL, ff1)3 = ba s (qra) (gre) Yu pe-

Grade 9

(F2, fg)00 = ba (pau) (peu) (qdu) (gByu) .,
(infh):g=bapﬂpyqs(qac)dz, .
(Fz: flg)g: = bau,e;(P‘W) (PW) (qdu)(QI3'Yu)€u,
(p’flh)(‘)g = bue&pﬁpyqe(qac)d:n .
(L%, fg)i = ba (pga) (pgc) (rsd) (rsBy ) bu,
(L2, fh)os = b. (pgbz) (pgyz) (73z) (Tsacx)d.,
(L*, f19)i = baes(pga) (pge) (rsd) (rsy) eu,
(L?, fi k)os = baes (pgBx) (pgve) (rsex) (rsacr)d.,
(FL, fg)35 = b.(qrd) (grBv) (pau) (peu) 8.,
(FL’fh):g = b, ps py(%axlﬁa?x)dz’
(FL, f19)3 = baes(grd) (grBy) (pau) (peu) e,
(FL)fl h):g = b¢e8 Ps py(%ex) (aa—éx)dx-

Grade 10: No irreducible forms
Grade 11

(FzL’fh :g = ba.pﬂ py ‘Ia(qac)(”d) @u),
(FL?,fg)i = b (gra) (gre) (std) (stBy) ps P,
(F?L, f1 k)1o = ba €5 Ds D, 9. (qac) (rsd) (rsu),

(FI2, f19)i = b.es (gra) (gre) (std) (stBy) . -

[October
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Grade 12
(F3, ¢ )oo = ba s (pau) (peu) (gdu) (gfu) (rByu) (requ),
(L3, ¢*)s = b. es (opa) (opc) (grd) (grf) (5iBv) (sten),
(F*, B)5 = ba €5 Pa Py 4. 45 (rac) (rdf), _
(L, B*)o5 = baes (0pBz) (opyz) (grex) (gryz) (Stace) (stdfx),
(F*L, ¢*)3 = b.es(rsBy) (rsen) (pau) (pew) (gdu) (gfu),
(FL?, g% )i = baes (grd) (grf) (stBy ) (sten) (pau) (peu),
(FZL) hz):)g = baesl’p Pyqeqy (F&&_cx)(ﬁdfx), _
(FL?, )53 = b €5 pg py (grex) (groz) (stacz ) (sldfz) .
In order to illustrate the process of reduction of the transvectants which
are reducible by (6) but not by theorem (2), § 1, let us consider

7= (FL, k).
This has the term _
t = b, pg (acu) (gru) (grvz) p=,

and

(gra) a, a.

t =b,pg(gru)p.|(gre) ¢, oz .

(gru) vu Us

We treat each term of this ¢ separately. Thus we deduce

1

(gra) (qru)be pg s 0y us = 1 + Uz + (FL, f1)is,
(gre) (qru) Yuba pa pz 6z = (L, £ - (F, fi)oo,
(gru)*baay ps pacz = L+ (F, ayBuczbe)g.
In the latter case we have*
@, Bub,ce = §us (3 + 26 — 341) — 3 (f — uf — 2¢f1).
Hence (F, a,Buczb,)es is reducible in terms of invariants and

(F:f)(l)g: (Fxfl)(l)g! F.

Furthermore,

10

(qru)zcy bapﬂ Dz z = 1. L- (Frfl)oo:
(gra) (gru) baps pz Yuca = f - (FL, fi)x,
(qm) (qru) ba a"/pﬁ Pz Uz = Ug * (FL, ayﬂu Cx ba.)}(o)'

The latter form is reducible in terms of u., (FL, f):5, (FL, fi)i}, and in-
variants.
We have now proved that the term £ of 7 is reducible.

* Clebsch and Gordan, loc. cit., p. 374.
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A different procedure is required in the case of transvectants of the type of

= (L, k).
This form 7 has the term

t = (acu) (pgbBz) (pgyx)b.,

anc ¢ equals
(pqa) ap a:
b.(Pgyz)|(pge) c¢p ¢z |.
(Pqu) Bu Uz

Expanding the latter determinant we have for one of ¢’s terms

ti = (pga) (pqYx)Buczba,

and ¢ is a term of the transvectant
= (L, fu)il.
Another term of 7, is the reducible form
t; = (pga) (pgBz ) bavucs = f - (L, fi)ll,
and we have, in accordance with the theory of § 1,
th — ty = (pga)b. cz [(pgyz)Bu — (PgBz) vul
= (pga)(pqu) (Byz)cs b — (pga) (pgBy) s b, us.

The terms of this last difference are terms of the respective transvectants

(L,9), (L, g)% - us,
and these are retained in the above table. Thus ¢, is reducible, in the form

th=F- (L, it + (L, 9) — us - (L, 9)n + Z,

where T is a sum of terms of transvectants u(L, g);;, g being derived by
convolution from g and hence of lower grade than g and thus linear in f, fi,
u, and invariants. The other terms of the expanded ¢, with minus signs
changed, are

(pga) (Pgyz)bacs us = (L, azbacg vu)l us

= (L, ayBu ¢z b))} us,
(pge) (Pgyx)as Buba = f1(L, )N,
(pqu) (pgyz)ag b ez = i1 (L, f)al,
(pqu) (pgyx)az cg ba = (L, az by cg vu)il,
(pge) (Pgyz)ag by us = 41 - uz - (L, f)IN.
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Hence the term ¢ of 7 is reducible in terms of forms of lower degree, together
with forms which are retained in the table and forms which are terms of trans-
vectants for which the grade of UV is less than the grade of Lh. Hence
T = (L, h)$3 does not belong to the fundamental system.

The remaining 21 reducible transvectants are as follows:

(FL,f*),  (FL,f1)ez,» (FL,ffi)es, (FL,f)s, (FL,f*)q,
(FL,f*)os,  (FL,f0)o1, (FL,f1oi, (FL,fDes, (FL,ff1)a,
(FL,ffi)oes (Fy9)0» (L, h)st,  (FL,g)%, (F,g)u,
(FL,g)s,  (FL,h)w, (F°L,fg)t, (FL*, fh)a, (F*L,fig),
(FL?, fih)u.
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